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Abstract 

We study SU (3)-invariant integrable models solvable by nested algebraic Bethe ansatz. 
We obtain a determinant representation for particular case of scalar products of Bethe 
vectors. This representation can be used for the calculation of form factors and correlation 
functions of XXX SU (3)-invariant Heisenberg chain. 



1 Introduction 

In the present paper we consider the problem of calculating scalar products in the framework 
of the algebraic Bethe Ansatz. 
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The algebraic Bethe Ansatz is a powerful method to study quantum integrable models ■ 
It gives an effective tool for the evaluation of the spectrum of quantum Hamiltonians 0, [H] ■ The 
computation of form factors of local operators and correlation functions for many integrable 
models also can be performed in the framework of the algebraic Bethe Ansatz 0, 0]. This last 
problem in various cases can be reduced to the calculation of scalar products between off-shell 
Bethe vectors, that is Bethe vectors where the Bethe parameters are not required to satisfy 
Bethe Ansatz equation^]. 

The problem of scalar products was first considered for g[ 2 -based integrable models 0, Sj- 
In these works a recursive formula for the scalar product of generic off-shell Bethe vectors was 
obtained (Izergin-Korepin formula). An important progress in this study was achieved in 0], 
where a determinant representation for the highest coefficient of scalar product was derived. 
This made the Izergin-Korepin formula explicit, however it still remained rather cumbersome 
for applications. The next step was done in [10], where a determinant representation for the 
scalar products involving on-shell Bethe vectors^ was obtained. Determinant representations for 
particular cases of scalar products became extremely important after the quantum inverse scat- 
tering problem was solved 11 , 1^] • Using the explicit solution of the inverse scattering problem 
one can reduce the calculation of correlation functions and form factors of local operators to 
scalar products, in which one of vectors is an on-shell Bethe vector. In this way various integral 
representations were obtained for correlation functions of the XXX and XX Z spin-1/2 chains 



numerical analysis of correlation functions 191422 1. 



and of the model of one-dimensional bosons 13H18I1 . Determinant formulas were also used for 



A wide class of quantum integrable models is associated with higher rank algebras qI n . 
An algebraic Bethe ansatz for these type models is called hierarchical (or nested) and was 
introduced in [i^] (see also [2342^]). The first result concerning the scalar products in the 



models with S'C/(3)-invariant i?-matrix was obtained by N.Yu. Reshetikhin in [271] - There, an 
analog of Izergin-Korepin formula for the scalar product of generic off-shell Bethe vectors and 
a determinant representation for the norm of the on-shell vectors were found. Recently various 
particular cases of scalar products were studied in 281-31]. 



In this paper we study a particular case of the scalar products in a generalized model with 
SU (3)-invariant i?-matrix 

c 

R(x,y) = I + g(x,y)P, g(x,y) = , (1.1) 

x-y 

where I is the identity matrix, P is the permutation matrix, c is a constant. Keeping in mind 
possible generalization of our results to the models with g-deformed SU (3)-symmetry we do not 
stress that the function g(x,y) depends on the difference x — y. 

The result obtained in this paper is a determinant representation for the product of an on- 
shell Bethe vector and an eigenvector of the twisted transfer-matrix (twisted on-shell vector). 
The notion of twisted transfer-matrix was found to be very useful for evaluation of certain 
correlation functions in g[ 2 -based integrable models One can use this object in the case 

of higher rank algebras as well. The twisted monodromy matrix is introduced as follows. The 



1 See section [5] for more details on Bethe vectors. 

2 That is eigenvectors of the transfer-matrix. See section [2] for more details. 
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monodromy matrix T(w) satisfies the algebra 

Ri2(wi,w 2 )Ti{wi)T 2 {w 2 ) = T 2 {w 2 )T 1 {w 1 )R 12 {w 1 ,w 2 ). (1.2) 

The equation (jl.2|) holds in the tensor product V\ <S>V 2 ®'H, where 14 ~ C 3 are auxiliary linear 
spaces, and 7~L is the Hilbert space of the Hamiltonian for the model under consideration. The 
i?-matrix acts non-trivially in V\ ® V 2 , the matrices T/. act non-trivially in 14 <S> H. Let p be 
a matrix such that its tensor square commutes with the i?-matrix: [pip 2 , R\ 2 ] = 0. Define a 
twisted monodromy matrix as T = pT. Then it is easy to see that 

Ri 2 {wi,w 2 )fi{wi)f 2 (w 2 ) =f 2 (w 2 )fx(wx)Ri 2 (w\,w 2 ), (1.3) 

that is, the twisted monodromy matrix enjoys the same algebra as the original one. Thus, 
the eigenvectors of the twisted transfer-matrix tr T{w) can be found in the framework of the 
standard scheme. Below we consider a special case of the matrix p = diag(l, k, 1), where k is 
a complex number (twist parameter). Therefore we denote the twisted monodromy matrix by 
T K (w). 

The article is organized as follows. In Section [2] we introduce the model under consideration 
and describe the notations used in the paper. Section [3] contains the determinant representation 
for the scalar product of twisted and standard on-shell Bethe vectors. This is the main result of 
the paper. In Section H] we show how our result can be applied to the calculation of form factors 
of some local operators in the S'L r (3)-invariant XXX chain. In Section [5] we consider several 
particular cases of the obtained determinant representation. In particular, we reproduce the 
formula for the norm of on-shell Bethe vectors [2j]] ■ Finally in Section [6] we give the derivation 
of the determinant representation for the scalar product. Appendix [X] presents some properties 
of the domain wall partition function (DWPF), and Appendices El [C] and [D] gather several 
auxiliary Lemmas. 



2 Notations 

First of all we give a list of notations and conventions used in the paper. 
Apart from the function g(x,y) we also introduce a function f(x,y) as 

tt \ x-y + c 

f(x,y) = . 2.1 

x-y 

Clearly that in our case f(x, y) = 1 + g{x, y), however the ^-analogues of these functions do not 
satisfy this property. Two other auxiliary functions will be also used 

w x f(x,y) x-y + c g(x,y) c 2 

Kx,y) = — ( f = , t{x,y) = — - = - — . 2.2) 

g(x,y) c h(x,y) {x - y){x - y + c) 

The following obvious properties of the functions introduced above are useful 

d{x,y) = -g(y,x), h(x - c,y) = g~ l (x,y), f(x-c,y) = f~ 1 (y,x), t(x - c,y) = t(y,x). 

(2.3) 
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Before giving a description of the Bethe vectors we formulate a convention on the notations. 
We always denote sets of variables by bar: w, u° , v B etc. Individual elements of the sets are 
denoted by subscripts: Wj, uf etc. As a rule, the number of elements in the sets is not shown 
explicitly in the equations, however we give these cardinalities in special comments after the 
formulas. Subsets of variables are denoted by roman indices: uf , vf w , «j n etc. We assume that 
the elements in every subset of variables are ordered in such a way that the sequence of their 
subscripts is strictly increasing. We call this ordering natural order. 

In order to avoid too cumbersome formulas we use shorthand notations for products of scalar 
functions. Namely, if functions g, /, h, t, as well as r\ and r% (see (|'2.6|) ) depend on sets of 
variables, this means that one should take the product over the corresponding set. For example, 



ufeu§ w j^ w ufeu§ u B €u B 

(2-4) 

Now we pass to the description of Bethe vectors. A generic Bethe vector is denoted by 
\u, v). It is parameterized by two sets of complex parameters u = u\, . . . ,u a and v = v±, . . . ,Vb 
with a, b = 0,1,.... Dual Bethe vectors are denoted by (v,u\. They also depend on two 
sets of complex parameters u = Ui, . . . , u a and v = vi,...,Vf,. The state with u = v = is 
called a pseudovacuum vector |0). Similarly the dual state with u = v = is called a dual 
pseudovacuum vector (0|. These vectors are annihilated by the operators Tjk(w), where j > k 
for |0) and j < k for (0|. At the same time both vectors are eigenvectors for the diagonal entries 
of the monodromy matrix 

T,»|0) = A»|0), (OIT^-H = \j(w)(0\, (2.5) 

where Xj(w) are some scalar functions. In the framework of the generalized model, \j(w) remain 
free functional parameters. Actually, it is always possible to normalize the monodromy matrix 
T(w) — > \2 1 (w)T(w) so as to deal only with the ratios 

A2{W) A 2 (W) 

On-shell Bethe vectors are eigenvectors of the transfer matrix, while twisted on-shell Bethe 
vectors are eigenvectors of the twisted transfer matrix. We will consider the scalar product of 
on-shell vector and dual twisted on-shell vector. Then 

trT{w)\u B ,v B ) =t(w\u b ,v b )\u b ,v b ), (u c , v°\ tr T K (w) = t k (w\u° , v°) (u c , v c \, (2.7) 

where 



t(w) = t(w\u b ,v B ) = r\{w)f(u B ,w) + f(w, u B )f(v B ,w) + r3(w)f(w, v B ), 
r K (w) = t k (w\u c ,v c ) = ri(w)f(u c ,w) + K,f(w,u c )f(v c ,w) + r 3 (w)f(w,v c ) 



2i 



Hereby the sets u B and v B (resp. u° and v°) satisfy the system of nested Bethe ansatz equations 
(resp. the twisted system of nested Bethe ansatz equations) [23]. We give these systems in a 
slightly unusual form 

n(uf) = ^^-f(v B ,uf), (2.9) 
/«,<) 
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These equations should hold for arbitrary partitions of the sets u B and v B into subsets {uf , uf} 
and {vf , vf} respectively. Obviously, it is enough to demand that the system (|2.9p . ()2.10|) is 
valid for the particular case, when the sets uf and vf consist of only one element. Then it turns 
into the standard system of Bethe equations. 
The twisted equations have similar form 

where ki = jf=uf and rii = #vf . 

The scalar products of Bethe vectors are defined as 

S a , b = S a , b (u°,u B \v c ,v B ) = ,_ c |f;^'f;_y. (2.13) 

If \u B ,v B ) and {u c ,v°\ are generic off-shell Bethe vectors, then the parameters vF , u B , v c , and 
v B are arbitrary complex numbers. We will consider the particular case of <S a ,ft) when u B and 
v B satisfy the system (|2j5]), (l2TT0]l . while n c and €* c satisfy the system (|2TTlTh 

To conclude this section we introduce the partition function of the six- vertex model with 
domain wall boundary conditions (DWPF) @, 0]. This is one of the central object in the study 
of scalar products of gt 2 -based models. It also plays an important role in the case of SU(3) 
invariant mosels. We denote DWPF by K n (x\y). It depends on two sets of variables x and 
y, the subscript shows that #x = #y = n. The function K n has the following determinant 
representation 

K n {x\y) = A' n {x)A n (y)h(x,y)dett(x j ,y k ), (2.14) 

n 

where A' n (x) and A n (y) are 

n n 

K(x) = Y[g(x j ,x k ), A n (y) = Hg( yj ,y k ). (2.15) 

j>k j<k 

It is easy to see that K n is symmetric over x, and symmetric over y, however K n (x\y) ^ K n (y\x). 
Below we consider K n depending on combinations of sets of different variables, for example 
K n (£\a, (3 + c). Due to the symmetry properties of DWPF K n {S,\a, j3 + c) = K n (£\j3 + c, a). 



3 Results 

The scalar product of on-shell and twisted on-shell Bethe vectors has the following determinant 
representation 

S a ,b = /^^n c )/(^^^)^^^^)Al(n c )A a (n B )A' 6 (^)A ^) (^; B )detAA, (3.1) 

a+b 
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where N is a block-matrix of the size (a + b) x (a + b): 

\tf v Hv?,f$) M^\vf,v c k ) 
The diagonal block M^ u \u^ ,u B ) is an a x a matrix with entries 

The entries of a b x b block J\f^(v B ,v k ) are 

f(v°,u a )h(v c ,v%)h(v°,v B 



(3.2) 



t(vf,v c k ) + Kt(v c k ,vf) f , c 



f(v^,u B ) h(v^,v c )h(v B ,v^)_ 



(3.3) 
(3.4) 

(3.5) 



The off-diagonal blocks have a more simple form 

M^{ U ^V C k ) = Kt(v C k , U C)h(v C k ,U C )h(v C ,V C k ), 

and 

M^(v B ,u B k ) = t(v B ,u B k )h{v B lU B k )h(u B kl u B ). (3.6) 

Observe that the entries of the matrix M can be written in more compact form in terms of 
Jacobians of the transfer-matrix and the twisted transfer-matrix eigenvalues (similarly to [ill ]) 

M u \u?,w k ) = lim (cg-\ W ,u c )g- 1 {v c ,w)^^-), w k = u B k or w k = v%, (3.7) 
J w-*w k \ du - J 



and 



N {v) (v B ,w k )= lim f- C g- 1 (v B ,w)g- 1 (w,u B )^f^-), w k = uf or w k = v%. (3.8) 

J w^w k \ (jVj J 

In the calculation of partial derivatives in these formulas, one has to consider r\{w) and r$(w) 
as arbitrary functions. Then, to compute the limit, one should express r\{u B ) and r^(v k ) via 
(USD, (|2TT2|) . Altogether, they turn into (|33]H|3TB]) . 



4 Form factors in SU(S) invariant XXX chain 

In this section we consider an application of our result to the calculation of form factors of local 
operators of the SU (3)-invariant XXX chain. This model is a particular case of the generalized 
model considered in this paper. 

The monodromy matrix of the periodic XXX chain with N sites is given as a product of 
i?-matrices 

T(w) = R ON (w,0) ■■■R 02 (w, 0)^01 KO). (4.1) 
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Here Ro m acts in Vq <S> V m , where Vq ~ C 3 is the the auxiliary space and V m ~ C 3 is the local 
quantum space associated with the m-th site of the chain. Thus, T(w) is a 3 x 3 matrix in the 
space Vo, whose entries are operators in &>^ =1 V^i. 

The local operators acting in the quantum space V m are elementary units 

Eg, e,e' = 1,2,3, (e'A =8 je 8 ke ,. (4.2) 

\ / jk 



The inverse scattering problem for this model was solved in 12]. Using this solution one can 
express the operators E m e in terms of the entries of the monodromy matrij|3 

Eg = (trT(0)) m - 1 r eV (0)(trT(0))- m . (4.3) 

2 2 

Suppose that we want to compute correlation functions involving the operators Em . For 
this we consider a form factor of the operator E^ 2 

= (ftEffty). (4.4) 

m 2 2 

Here and are some on-shell Bethe vectors. Let Q m = . Obviously 



J k 
k=l 



F 2,2 _ ^L( p PQ m _ p PQm-V 



(4.5) 



/S=0 



Due to (E 2 ' 2 ) n = E^' 2 for n > 1 we have 



e ?Q m = -q e K' 2 = n (i + Ef ^ - 1)) = n + ^ E i 2 + ^ 3 ' 3 ) • ( 4 - 6 ) 



k=l k=l k=l 

Using the solution of the quantum inverse scattering problem (|4.3[) we obtain 

E^ + e^E^ + E 3 / = (tiT(0)) k - 1 tvT K (0)(tTT(0))- k , (4.7) 
where we have set k = e" . Then due to (14.61) we find 



e PQ m = (trr K (0)) m (trT(0))- m . (4.8) 

Let now {ip K \ be a twisted on-shell Bethe vector, such that (ip K \ — >• at k — y 1 (that is, at 
(3 — > 0). Consider 

F£=(4|e Wm h/>)- (4.9) 

Using (|4.8p we immediately obtain 

F m = (V; K |(trr K (0)) m (trT(0))-"» = ZjMfaty). (4-10) 



1 Due to (|4.1|l T(w) is singular at w = 0. One should understand the equation (|4.3[) as a limit w — > 
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Here r(0) is the eigenvalue of trT(O) on and f K (0) is the eigenvalue of tr T K (0) on Now 
we simply take derivative of F m over (3 at (3 = 0. Differentiating (|4.9p we find 



dp 



13=0 



/8=Q 



On the other hand taking the derivative of (|4.1U|) we obtain 



(4.11) 



dp 



d f-(0) 



/3=0 



d/3 r m (0) 



f m (0) d 

d/3 



/3=0 



where 5 



1 if 



V and 5, 



(4.12) 



otherwise. (V'lV') is the norm of the vector \ip), as 



computed in section 15.11 Comparing (|4.1ip and (|4.12p we arrive at 



$\Qm\ll>) 



d f™(0) 



d/3 r m (0) 



WW) 8, 



+ 



f m (0) 
r m (0) 



(4.13) 



/3=0 



2 2 

It remains to use that Em = Q m — Qm-i and we obtain the representation of the form factor 
(tplEm^lip) in terms of the scalar product (V>«|^>) between twisted and standard on-shell Bethe 
vectors: 

z.m—1 1 



\E 



2,2 I 



d 



f^(0) f^-^Q) 
r m (0) t" 1 " 1 ^) 



(4.14) 



K=l 



5 Several tests 

In this section we make several tests of our result. In particular, at k = 1 we deal with 
the scalar product of two on-shell Bethe vectors. Hence, we should obtain either zero for 
(u c ,v c \ ^ \u B ,v B )\ or the expression for the norm [27J if (u c ,v c \ = \u B ,v B )^. 



5.1 Norm of eigenvector 



To approach the case of the norm we should set u c = u B , v c = v B , and k = 1. There is no 
problem to take this limit in the off-diagonal blocks (|3.5p and (|3.6|) . In the diagonal blocks the 
limit is a bit more complicated. It is more convenient to take this limit in the equations f|3.T[> . 
(|3.8p . Taking the partial derivatives we obtain for the diagonal blocks 



■AftOfrf , tig) = h(v c , uf) [(-l)^ 1 ri _P > t(uf, u B k )h(u c , u B k ) + Kt(u B ,uf)h(u B ,u a ) 

1 J\ V -> U k) 



(5.1) 



and 



Af^(vf,v c k ) = h(v c k ,u i 



\b+l 



f{v k ,u B ) 



t(v c k ,v B )h(v c k ,v B ) + t(v B ,v c k )h(v B ,v c k [ 



(5.2) 
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Consider, for example, the block (J5JJ). Let u B = u k 
e 2 terms we have 



+ e and xjp = r'^u^) /r\{u k ). Then up to 



■(i)X" c .<: 



n(uf) = (-l) a+1 n«)(l + 6X«) = K (l + eX ^y^ f(v c ,u c k } 

\ k ' / 



(5.3) 



where we have used (|2.1ip . (|2.2|) . ()2.3p . Substituting this into (|5.ip and setting ii£ = we 
obtain for diagonal entries of the matrix J\fw \ 

M u \u kl u k + e) = Kh(v c ,u k )h(u k ,u) 



u k> u k) 



.( , \ , i / . U1 . f(v c ,u k ) h(u,u k + e)h(u k ,u) 

t(u k + e,u k ) + t(u k ,u k + e)(l + eX k 077=5 ~ T77^ TT7 T — =7 

f{v c ,u k + e)h(u,u k )h{u k + e,u) 

Now we can safely proceed to the limit e = 0. This gives us 



• (5-4) 



Af( u \u k ,u k ) = Kh(v c ,u k )h(u k ,u) 



-cX 



(i) 



2c 



where = u k — U£. 

In the off-diagonal entries of the matrix TV*-") (uj , ) we can simply set u° = Uj and 
and use (|2.1ip . Altogether, the diagonal block (|5,ip takes the form 



(5.5) 



u k = Uk 



M {u \uj,u k ) = h(v,u k )h(u k ,u) 



5 jk -cX 



(i) 
k 



2c 



2c 1 



u %- c2 



(5.6) 



Here we have already set k = 1 and v c = v B = v. 

Note that it would be much more sophisticated to take the limit u c = u B in the expression 
(|3.3p . Then we should consider the parameters u° as functions of k: = u^(k) and take the 
limit k — y 1. It is clear that after taking this limit we obtain an expression containing derivatives 
du c - /dn at k = 1, and one should prove that all these derivatives can be combined into xj^\ 
Certainly this method is more cumbersome than the technics described above. 

The limit v c = v B = v in the matrix J\f^ v \v B ,v k ) can be taken in a similar way. After 
simple algebra we obtain for the norm of eigenvector 



S a ,b(u,u\v,v) = f 3 (v,u) TT f(uj,u k ) TT f(vj,v k ) ■ det 

■*- -*■ -*- ■*■ a+b 



j,k=l 
j^k 



j,k=l 
3^k 



Mn(uj,u k ) t(uj,v k ) 

t(Vj,U k ) M 2 2(Vj,V k ) 



Here the diagonal blocks are 



(5.7) 



Mu(uj,u k ) = s jk ( -cxjp - 



2c 2 



£=1 U L ° 2 ,„_]. 



+ ^ t(v m ,u k ) + 



2c 2 



(5.8) 
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b o 2 a \ o 2 

.(3) 2c z . . , s \ . 2c z 



(3) — 

where = r%{v}~)/rz(vk) and = — Vk- This result coincides with the one of [27( up to 
notations. 

5.2 Scalar product of two different on-shell vectors 

If u c u B or v c u s at k = 1, then the result obtained describes the scalar product of two 
different eigenvectors of the transfer-matrix. Hence, we should have S ay b = in this case. Below 
we prove that S a ^ does vanish at k = 1 except the case of the norm. For this we construct an 
eigenvector of the block-matrix J\f (|3.ip having zero eigenvalue at k = 1. This means that the 
determinant in (|3.ip vanishes at K = 1. 

The zero eigenvector has the following components 

a a 



= n« - «?) n« - o -1 ' fc = i, ... ,a, 

6 6 

We should prove that 



m=l m=l 



(5.10) 



3=1 3=1 
a b 

J2^ u Hu°,v%) + Y j n a+] N^{v°,v c k ) = 0. 

3=1 3=1 



(5.11) 



Equations (|5.1ip can be checked straightforwardly. Let us compute, for instance, the action 
of the left blocks (|3.3p and (|3.6p on the vector Q. Assume that uj ^ uj? , Vj, k = 1, ... a and 
v j 7^ v ki V?) = 1) • • • Then in order to calculate the sum 

a 

^^(uf.uf), (5.12) 



we introduce 



c 2 



The sums i?^ 1 can be computed by means of an auxiliary integral 



I= 2^i J {z-u»)(z-ul±c)\±J=tf' (5 ' 14) 
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The integral is taken over the contour \z\ = R and we consider the limit R — > oo. Then 1 = 0, 
because the integrand behaves as 1/z 2 at z — >• oo. On the other hand the same integral is equal 
to the sum of the residues within the integration contour. Obviously the sum of the residues at 
z = uf gives Hj^. There is also one additional pole at z — uf ± c = 0. Then we have 

uf =F c 



From this we find 



I = = H ± TC TX ^ q ' (5-15) 
1 1 uf - uf =F c 



a 



Using these results we immediately obtain 



h{u c ,u L k) 
C h(uf,ucy 



(5.16) 



£jVAA»>(«7,«f) = cM^ c ,nf )M«£,S fl ) f ^'il - l) • (5.17) 
J=1 \J\ V > u k) / 

The action of the block M^ v \v B ,uf) on f2 a +j can be calculated in the similar way. Using 
an auxiliary contour integral 

1 f *** > (5-18) 



2vri / (z - u?)(z - u? + c) J- 1 , z 

I , r> K K m=l 



we find that 



This implies 



a 

n ,,r;, 

i=l 



6 

i 



y a+j M^(vf,u B k ) = ch(v c ,uf)h(uf,u B ) (l - y| 



/(^ c ,<) 



(5.20) 



and hence, the first equation (|5.1ip is proved. The proof of the second equation (|5.1ip is similar. 

The proof given above should be slightly modified in the case when some parameters and 
u B (or v'j and v B ) coincide. Consider without loss of generality the case = u B for j = 1, . . . , n 
and Uj u B for j = n + 1, . . . , a. We also assume that 7^ v B for j = 1, . . . , b. Then first of 
all we should take the limit — > u B in the first n rows of the block J\/W (Uj,u B ), just like we 
did in Section 15.11 As the result the explicit expressions for the corresponding entries change, 
in particular, they depend on the logarithmic derivatives xj^\ However at the same time the 
first n elements of the vector f2 vanish: VLj = 0, for j = 1, . . . ,n. Therefore independently of 
the explicit form of the entries in the first n rows of the block N^ u \uf ,uf), their action on 
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the vector gives zero. The action of the remaining part of the block J\f^ u \uJ , u B ) can be 
calculated exactly in the same way as we did before. One can easily check that the same vector 
remains the zero eigenvector of the matrix W. 

The only case, when the proof fails is the case u B = u c and v B = v c , that is, the case of 
the norm. In this case the vector f2 turns into zero vector, hence, by definition it can not be an 
eigenvector. 

Remark. We have seen in Section 0] that form factor of the operator E^ 2 can be expressed 
in terms of the /3-derivative (recall that k = e@) of the scalar product (see (|4.13p ). Knowing 
the zero eigenvector one can calculate this derivative explicitly. Indeed, it follows from the 
results of this Section that if we add to the first row of the matrix M all other rows multiplied 
by the coefficients Qj/Cli, then the first row becomes proportional to k — 1. Then taking the 
/3-derivative of the determinant at /3 = one should simply differentiate this modified first row, 
setting k = 1 in all other rows. 

5.3 Spurious poles 

The pre-factor in (|3.ip contains the product t(v c \u B ), which has poles at v'j — u B + c = and 
at — uf = 0. On the other hand the scalar product should not have singularities in such 
points. One can check that it is really so. Let, for example, vf — uf + c = 0. Then we have 

AfW(u°,uf) = (-ir +1 r 1 (u B 1 )g-\v c ,u B 1 Mu c ,uf)-t(vf,u'?), (5.21) 

A^(«i>f) = nh{v1,u c )h{v c ,v1) -t(u°,uf). (5.22) 

Since t(Uj,uf) = t(vf,u < ?) at = uf — c (see (|2.3|) ). we conclude that the first columns of 
these blocks are proportional to each other. After simple algebra we obtain 

where we have used (gSD, ([2"T^) . 
Similarly we find 

M (v) {v B ,uf) = h(uf,u B )h(v B ,uf)-t(v^v B ), (5.24) 

J^ v Hvf,v?) = (-l) b+ \ 3 (v?)g-\vf,u B )h(v?,v B )-t(vf,uf). (5.25) 
Using again (pig]) . and flZHZD we obtain 

ATM («/,«?) 

and hence, the first and the (a + l)-th columns of the matrix M are proportional to each other 
at Vi — uf + c = 0. Thus, the determinant vanishes. 
The same effect takes place at Vj = u B . 



ri(uf) ' 



(5.23) 



,,P-- 



r 3 {vi) 
n(nf )' 



(5.26) 
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6 Calculation of the scalar product 



In this Section we prove the representation (|3.ip . We start our calculations with the formula 



for the scalar product of generic off-shell Bethe vectors obtained in 27] 

5 a , 6 = ^r 1 (^)r 1 (<)r3(cf)r 3 (^)/fe^<)/(^ ) <)/fe^^)/(^,<) 

x f(v?,u?)f(v B ,u B ) Z a _ k ^;u^]vf)Z kib _ n (uf-uf\v^,v^). (6.1) 
Here the sum is taken over the partitions of the sets u° , u B , v° , and v B 

u c = {v°, u%}, v c = {v°, v°}, 

u B = {fif, u B }, v B = {v B , v B }. { ' > 

The partitions are independent except that = jfcuf = k with k = 0, . . . , a, and ifcvf = 

j^v^ = n with n = 0, . . . , b. 

The functions Z a -fc,n and Zk^-n are the highest coefficients of the scalar product [27]. 
Generically Z ab (t; x\s; y) depends on four sets of variables with #i = #x = a and #s = #y = b. 



We use two equivalent representations for the highest coefficient [23, [33|. The first one reads 



Z atb (t; x\s; y) = (-l) 6 ^Jlf 6 (s - c\w l )K a {w^\t)K b (y\w l )f{w l ,WT 1 ). (6.3) 

Here w = {s, x}. The sum is taken with respect to all partitions of the set w into subsets Wi 
and w u with #Wi = b and #w n = a- The functions K n are DWPF (|2.14|) . 
The second representation has the following form 

Z a ,b{t;x\s;y) = (-l) b f(y,x)f(s,t)'^2K b (fjT 1 - c|y + c)i^ (x|^)ir 6 (r? n - c|s)/(^, (6.4) 

Here 77 = {y + c, i}. The sum is taken with respect to all partitions of the set fj into subsets fji 
and 7/ n with = a and #f/ n = 6. 

6.1 Summation over partitions of u° and v B 

Recall that in the framework of the generalized model we consider r\{u) and r${v) as arbi- 
trary functions. Then every term in the representation (|6.ip is labeled by a certain product 
ri(u B )r\(u° )r^{v B )rj,{v1). The terms corresponding to different partitions are labeled by dif- 
ferent products, therefore their summation is impossible. However in the particular case of 
the scalar product of on-shell and twisted on-shell Bethe vectors one can express the products 
ri{uf)r\{u ( l)r^{v B )r^{v c l) in terms of rational functions due to (j2.9|) ()2. 12[) . Therefore we ob- 
tain a possibility to sum up the terms corresponding to different partitions. At the first step 
we calculate the sum over partitions of the sets u° and v B . 

The highest coefficients Z a _f Cjn and Z^^-n in (|6.ip themselves are given as sums over parti- 
tions of certain sets of their arguments. Therefore substituting explicit representations for these 
functions into (|6.ip we create additional partitions. For example, using (|6.3p we have 



Z a _ k>n (u°;u B \v?;v?) = (-\) n ^K n (vf - c\v) l )K a ^ k (w a \vS)K n (vf'\vh)f(vh,v) ][ ). (6.5) 



13 



Here w = {vf , u B }. The sum is taken with respect to all partitions of the set w into subsets Wi 
and w n with #Wi = n and #w) n = a — k. We see that in fact we create additional subpartitions of 
the subsets u B and v c into sub-subsets. If we use the same formula (|6.3p for the second highest 
coefficient Z^^-ufaf ; vF \v B ; v° ), then we will create additional subpartitions of the subsets u c 
and v B . Thus, all the subsets of variables will be divided into sub-subsets. 
However if we use (j6.4[) for Zk t b-n(uf ; uf \v B ; v£ ), then 

Z k ^ n (u?;v?\v B ;v%) = {-if'"- f{v B ,uf )f(v%, Sf) 

x ^ !?&_„(% - c|un + c)iC fe ('U I |ry I )iir 6 _ n (7? n - c\v B )f(fj u f} u ). (6.6) 

Here 77 = {v^ + c, uf }, and we see that we still deal with subpartitions of the sets u B and v° , 
while the subsets of vF and v B remain intact. 

Thus, the use of different representations (|6.3p . (|6.4p for two highest coefficients in (|6,ip 
allows us to keep original partitions at least for two sets of variables, namely for vF and v B . 

As we have explained above, we start with the summation over partitions of the sets vF and 
v B . Therefore at the first stage of the calculations it is enough to substitute (|2.10p and (|2.1ip 
into (|6.ip . considering for some time the functions r\{u B ) and 7*3 (v c ) as free parameters. 

Substituting (pETTO and (I2TTTD into $TQ) we obtain 

S a>b = Y,K a - k ri(u B )r 3 (vS)f(u%,u?)m 

x f(vn,Of(v C ,u^)f{v B ,u B ) Z^fc^^;^!^;^)^^^^;^!^;^). (6.7) 
Now we use (|6.5p for Z a _k : n, and (|6.6p for Z^^-n- This gives us 

S a , b = f(v c ,u c )f(v B ,u B )S a , b , (6.8) 

where 

Sa,b = )r 3 (^)/K,uf)/(^,^) 

x K n (v° - clw^Kb-nifju - c\v% + c)f(iB l ,iBj l )f(fjt,f} a ) 
x Kniv^wjK^nifjx-clv^fiv^v?^ ■ \K k {vF |ifr).Ka-* («) n , «?)] . (6.9) 

Recall that here it) = } and 77 = {/uf + c}. Observe that in the last line of (|6.9|) we 

have gathered all the terms depending of the sets vF and v B . The sum over partitions of these 
sets can be calculated explicitly due to 

Lemma 6.1. Let £, a and f3 be sets of complex variables with #a = mi, #/3 = mi, and 
#£ = 777,1+7712. Then 

Y, K rnd&\a)Krn 2 (mn)f(^,Zi) = (-l) mi f (£, a)K mi+m2 (a - cj\0. (6.10) 
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The sum is taken with respect to all partitions of the set £ into subsets £i and £n with — m\ 
and = 1^2 ■ Due to ()A.3|) the equation (|6.10p can 6e a/so written in the form 

Y, K rnMa)K m M&)f&,& = ('^fW, 0^m 1+ m 2 (£>, + c). (6.11) 
The proof of this Lemma is given in Appendix iBl 

We use the equation f)6.10[) for the calculation of the sum over the partitions of the set v B 
and the equation (|6.1ip for the calculation of the sum over the partitions of the set u° . Then 
we obtain 

s^^t-ir+^+v-VL^ 

x K n (v° - clwjKt-nfa - c\v° + c)f(v B ,w I )f(wn,u c ) 

x K b (wj -c,fj R - c\v B )K a (u c \fj l ,WK + c). (6.12) 

6.2 New subsets. 

To proceed further we need to introduce sub-subsets of the sets u B and v c . We define these 
sub-subsets as follows 



uf = {uf , fig}, wj = {if, uf }, 

< = {«u, <}' = {^i, <}, fg 13) 

Uf = {uf , uf }, ^ = {uf + C, uf }, 

= {«a> % = {vP + c, ufj. 



The cardinalities of the introduced sub-subsets are #uf = kj and #uf = nj for j = i, ii, .... It is 
easy to see that k\ + k\\\ = k, n\ + rim = n, k\\ = nm, and km = na. 
Due to (TO]) . (jA~3|) we have 

K n (v c - c\vh) = K n (vP - c,vP - c\vP,u?) = (-l) n r\u$,^)K rm (i4\v$ i ). (6.14) 

Similarly 

Kb-niVu ~ c \v° + c) = K b - n (v?, u m - c\vP + c, v? + c) 

= (-l) 6 -"/- 1 ^ + c,uf0^n u (^i +«. (6.15) 

In terms of the introduced sub-subsets the equation (|6.12p takes the form 



S a , b = J2(-V a+k+n K a ~ k n(u? )n(um)r3(vP)r 3 (vP)f(vP,u?)rH 



«iv,«f) 



xF(uf)F(uf )f(v B ,vP)f(v B ,ui)m h u c )f(u^ 

x K 6 (uf - c, uf - c, u B i - c, vg\v B )K a (u°\u B ,vP + c, vP + c, uf, + c), (6.16) 
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where 

F (^j) = /(^ii, Zi)f(Zih Zin)f(Av, Zi)f(z iv , Ziii)/(zii, z iv ) f {z u Em), (6.17) 
and we also have used (j2.3|) for some functions /. 

Now we combine sub-subsets u B and into new subsets 

< = K <}, V° = K\ <}• 

Due to (|6.13p we have #uf = #v° = n\\ + n\\\ = n x . Observe that these new subsets are different 
from the subsets used, for example, in (|6.ip . We use, however, the same notation, as we deal 
with the sum over partitions, and therefore it does not matter how we denote separate terms 
of this sum. 

Then the equation (|6.16|) can be written in the form 

Sa, b = ^ ) C^! S , ) (^n , ^ ) I ^ ) ^ ) C^ " I , ^ ) ^> (^^ I ^ , ^Zf ) , (6.19) 

where the sum is taken over the partitions of the set u B into subsets {uf , u B } and the set v c 
into subsets {v° , v c }. In this formula 

cM(u°\*g,v°)= Y, ^a(^|nf,^ + C ,nf v + C )(-ir fc ^ a ^V 1 (^f)r 1 (^^f) 
of ={ef , ug) 

x /(<,«f)/(«f,«f)/(<,n c )/(^,u c ), (6.20) 

and 

3*\v B \vZ,uf) = Yl - c >< - c,%\v B )(-l)^r3(v&)f-^vg,,u B ) 

v§={vP, vP} 

x f{vg,vP)f{vg,uf)f{v B ,vP)f{v B ,u B ). (6.21) 

Finally, the function G ni (u B \v c ) is given by 

U B ={U B , U B .} 

vP = {vP, vP} 

(6.22) 

where 

a f(u B u B ) b 

h(u B ) = ri (uf) n JT^-^ II r'iv^uj), (6.23) 

and 

h(vf) = r 3 (vf) f[ f[ rHv°, uf). (6.24) 

We stress that the representation (|6.19|) follows from (|6.16p without any additional trans- 
forms. One can check that the straightforward substitution of (|6.20p - (|6.24p into (|6.19|) gives 
exactly ()6.16p . Thus, at the second step of our calculations we have not sum up any sum over 
partitions in (|6.16p . however we have factorized the original sum into several subsums. 
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6.3 Summation over subpartitions of u B and v° 

The functions £i , G ni , which appear in (|6.19p are given in terms of sums over partitions. 
These sums can be computed explicitly. We begin with the functions and . 

Lemma 6.2. Let w and £ be two sets of generic complex numbers with #u> = = m. Let 
also C\{w) and C^w) be two arbitrary functions of a complex variable w. Then 

K m (vh - c, Wii\l)f{£, w l )f(wn,w l )Ci(w l )C 2 (wi 1 ) 

= A' m (OA m (w)det(c 2 (w k )t{w k ,^)h(w k ,0 + (-l) m Ci{w k )t(^w k )h^,w k )), (6.25) 

and 

yZKm(Z\wuWii + c)f{w^i)f{w ni w l )Ci{w l )C 2 {w n ) 

= A' m ^)A m {iB)det(c x {w k )t{^,w k )h{lw k ) + (-l) m C 2 (w k )t(w k ,Cj)h(w k ,0). (6.26) 



Here the sums are taken over all possible partitions of the set w into subsets Wi and w^. Recall 
that A' m and A m are given by (|2.15p . 

The proof is given in Appendix 

We see that we can apply Lemma 16.21 in order to obtain determinant representations for 
(|6.20p and (|6.2ip . For instance, if we set in f)6.26[) : m = a, f = u° , w = {u B , vf} and 

d(w) = n( W )f-\v c ,w), C 2 (w) = -k, (6.27) 

then we obtain the equation (|6.20p . Indeed, in this case one has C\{v°) = due to the product 
f~ l {v c ,w) in (|6.27p . Hence, we automatically have vf C otherwise the corresponding 
contribution to the sum vanishes. This means that when splitting the set w = {u B , vf } into 
two subsets we actually should consider only the partitions of the set u B into uf and uf Y , as we 
have in (|6.20p . We obtain 

3:\u c \w) = A' a {u c )A a {w)detM^{u^w k ), (6.28) 

with 

tfM(uf, w k ) = ri(w k )t(v$ ,w k )h(u c ', w k )r\v c , w k ) - K (-l) a t(w k ,u'j)h(w k ,u c ), (6.29) 
and w = {u B , vf}. Similarly the sum in (|6.2ip can be calculated via ()6.25p . We have 

£<?\v B \w) = A^A^detN^ivf,™,), (6.30) 

with 

jft v \v?,w k ) = r^w k )t(w k ^)h( Wk ,v B )f- l ( Wk ,u B ) - (-l)H(v B ,w k )h(v B ,w k ), (6.31) 
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and w = {uf , v E }. 

Observe that up to now we did not use the constraints (|2.9[) , (|2.12p . However we should use 
them for the calculation of G m (uf \vf) (|6.22|) . Then fi(uj) = 1, rz{ v j) = K i an d f|6.22|> turns 
into 

G ni (u?\v?) = Yl f(vg,v^)fiu^)K nh M\vmnM + cm- (6-32) 

i L 11 m j 
i l ii ' in j 

For this calculation, we need one more lemma: 

Lemma 6.3. Let a and f3 be two sets of generic complex numbers with #a = #/3 = m. Then 
J2 /(A,/3i)/(ai,an)^ mi (A|a I )^ mn (a n + c|^ n ) = (-l) m t(aj)h(a,a)h(pj), (6.33) 

5={aj, an} 

where the sum is taken over all possible partitions of the sets at and (3 with #ati = = m I 
and #a n = #/3 n = m E . 

The proof is given in Appendix |Dj Obviously, equation (|6.32|) coincides with (|6.33p after 
appropriate identification of the subsets. Thus, 

G ni (uf \v?) = (-irH(v?,u?)h(u?,u?)h(v?,v?). (6.34) 

Substituting this into ()6.19p we arrive at 

s a , b = £ (-irv^n^^)/^,^)/^^^)*^,^)^^,^)/!^,^) 

v G = {vP , vS} 

xZW(n c |^,Sf)4 v) (^K,<), (6.35) 

where and £^ are given by (|6.28p and ()6.30p respectively. 

Note that although we have used already (|2.9p and (|2.12p . we still can keep the explicit 
dependence on r\(u?) and r^(y?) in the formulas (|6.29j) and (|6.3ip for the matrices AA U ' and 
Kf( v \ of course, we cannot consider ri(u B ) and r^iv?) as arbitrary functional parameters 
anymore, but on the other hand it is not necessary to replace these functions immediately via 
the constraints (|2.9p . (|2.12p . On the contrary, it is useful to keep f)6.29j) and ()6.3ip in their 
present form, since it is more convenient for taking the limit u c — > u B and v c —> v B , as we have 
seen in Section 15.11 

6.4 Final summation over partitions of u B and v° 

It remains to sum up the equation (|6.35p into a single determinant. For this we introduce new 
matrices _ 

M^(u^w k ) = (-l) a - 1 /ft v '*(vZ,w k )h(v c, ,w k ), 

(6.36) 
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Respectively we define 

C^(u c \w) = A' a (u c )A a (w)detN {u) (u?w k ) = h(v° ,w)3 a u) (u°\w), 

a J 

(6-37) 

6 b v \v B \x) = A' b (v B )A b (w)detN {v) (v B ,w k ) = h(w,u B )C { b ] \v B \w). 

b 

Observe that if we set w k = u B in (^36]) and use ([22]), then AA") and M M turn into ([33D 
and (|3.6|) respectively. Setting in (|6.36p w k = v£ and using (|2.12p we obtain the blocks (|3.5|) 
and ([331) • 

It is easy to see that in terms of the introduced objects equation (|6.35p takes the form 

o _ +(^-,c n -.B\ ST^ i \nj ff(^n i ^1)9(^1 i^n) r(u)(-c\-,B -c\ A v ) I rfi „-,b\ (ft qq\ 
S a , b -t(v ,u ) ^ g(v°,€i)g(v$,ii?) Ca {U {V (6 " 38) 

fjO = {ep, v^} 

The last sum, in fact, is an expansion of the determinant of an (a + b) x (a + b) matrix. 
Lemma 6.4. Let M be an (a + b) x (a + b) matrix with block structure 

( N^(u°,u B k ) M^(u^v c k ) \ 

M = . (6.39) 
\M^(v B ,u B k ) M^(v B ,v c k ) J 

Then 

S a , b = t(v c ,u B )A' a (u c )A b (v B )A a (u B )A b (v c )detN. (6.40) 

a+b 

Proof. Let w = {u B ,v c }, that is, 

wi,...,w a+b = uf,...,u B ,Vi,...,v b . (6.41) 
Then the matrix M can be written as a matrix consisting of two block-rows: 

M=[ . (6.42) 

V M^(v B ,w k ) ) 

Let us develop det a+ b7V with respect to the first block-row: 
A' a (u c )A' b (v B )A a (u B )A b (v c )detM = A' a (u c )A' b (v B )A a (u B )A b (v c ) 

a+b 

x (-l) Pl ' B detM iu) (u^w l k )detM v) (v B ,wl). (6.43) 

w={w l , li 11 } 

The sum in (|6,43p is taken over all partitions of w with = a. We also have denoted by w\ 
(resp. by wf) the k-th element of the subset w 1 (resp. w n ). The symbol P Iin means the parity 
of the permutation that maps the sequence {w 1 ,^} into the ordered set to. In particular 

Pi n = A a (^)A b (w-)g(w\^) _ 
A a+b (w) 
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Substituting (|6.44p into (|6.43j) and using A a+b (w) = A a (u B )A b (v c )g(v° , u B ) we obtain 

A' a {u°)A[{v B )A a {u B )A b {v c )^N = £ ^g^l^H^^i)^)^!^^ (645) 

where we have used the definitions (|6.37p . Now we set w 1 = {ui,v R } and w u = {u n ,Vi}, and we 
arrive at 



A' a (u c )A' b (v B )A a (n B )A b (v c ) detAf = \ (-1) 



x C^\u c \u B ,v?)c£\v B \vZ,u B ), (6.46) 

that ends the proof. 

Finally, using (|6.8p we arrive at the representation (|3.ip . 



Conclusion 

We have conjectured in our recent paper [33| that in the SU(3) case a single determinant 
representation for the highest coefficient Z ajb (see (|6.3p . (|6.4p ) does not exist. It follows from 
this conjecture that there is no a single determinant representation for the scalar product of 
on-shell and generic off-shell Bethe vectors. We have seen, however, that it is possible to derive 
the determinant representation for the scalar product, if we deal with a twisted on-shell Bethe 
vector, that can be considered as a particular case of off-shell Bethe vector. Moreover, this 
particular case is important from the viewpoint of its application to the calculation of form 
factors of local operators. Therefore a natural development of our method would be to study 
special cases of scalar products involving specific off-shell vectors. In particular, one can consider 
off-shell vectors arising as the result of the action of the monodromy matrix entries Tjk(w) on 
on-shell vectors. The corresponding scalar products then can be used for the calculation of form 
factors and correlation functions. 

It is worth mentioning that following this way one has to solve an additional problem. 
Namely, it is necessary to express the action of the matrix elements Tjk(w) on Bethe vectors 
in terms of a linear combination of off-shell vectors. This problem has well known solution for 
g[ 2 -based models (see e.g. @, 0]). However in the case of higher rank algebras this question was 



not studied yet. We will give a solution of this problem in our forthcoming publication 34] 
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A The properties of the DWPF 



The DWPF is symmetric function of x±, . . . , x n and symmetric function of y%, . . . , y n . It behaves 
as l/x n (resp. l/y n ) as x n — > oo (resp. y n — > oo) at other variables fixed. It has simple poles 
at Xj = y/,- The behavior of K n near these poles can be expressed in terms of K n —i: 



KJx\ 



g(x n ,y n )f(y n ,y')f(x',x n ) ■ K n „i(x'\y') +reg, 



where x' = x \ x n and y' = y\y n and reg means the regular part at x n — > y n . 
One can also easily check that the DWPF possesses the properties: 

K n+1 (x,z- c\y,z) = K n+1 (x,z\y,z + c) = -K n {x\y). 

K n (x - c\y) = K n (x\y + c) = (-l) n f-\y, x)K n (y\x). 



(A.l) 



(A.2) 
(A.3) 



B Proof of the Lemma (16.11) 



The proof will be given by the induction over m\. For mi = the identity (|6.10p obviously is 
valid. Suppose that it is valid for some m\ — 1 and consider the l.h.s. of (|6,10p as a function of 

F,(ai) = Y, K rnAUa)K m Mt*)f{t^)- (B.l) 

This function decreases as a± — > oo and it has poles at a% = k = 1, . . . , mi + iji2- Consider 
the behavior of Fi(a\) near the pole at a% = £i (due to the symmetry of Fi(a%) over £ its 
properties near other poles are similar). 

Obviously the pole at a\ = £i occurs if and only if £i G £ : . Let = £i \ £i, £' = £ \ £ii an d 
a! = a \ a%. Then using (|A.1|) we have 

F,(ai) = V5(ei,ai)/(ai,aO/(^,ei)^ mi -i(^|a0^ m2 (/3|Cn)/(en,el)/(en,ei), (B.2) 

where the symbol Yl' means that the summation is taken over the partitions of the set £' into 
subsets £j and £ n > The factors g(£x,ai)f(ai,a') and £l)/(£h) £l) = /(f >^l) can be moved 
out off the sum over these partitions. Applying the induction assumption for the remaining 
sum we arrive at 



Fj(ai) 



ai-»-£i 



(-l) mi -^(ei, a 1 )f(a 1 ,a , )f^',Ci)f^',ci')K mi+ rn 2 -l(a'-cJ^). (B.3) 



Consider now the r.h.s. of (|6.10p as a function of a%: 

F r {a x ) = {-l) m ^f{la)K mi+m2 {a-cM)- 



(B.4) 



Here the pole at a\ = £i occurs only in the prefactor /(£, a). Using (|A.2j) we immediately 
obtain 



F r (ax) 



l) m ^ 1 g^ 1 ,a 1 )f(a 1 ,a')f^\C 1 )f^\a')K mi+m ^ 1 (a'-cJ\^). (B.5) 
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Thus, the residue of the difference Fi{a\) — F r (a\) at ot\ = £1 vanishes. Due to the symmetry 
over £ the difference Fi(a\) — F r {pt\) has no poles at a\ = k = 1, . . . , m\ + ra 2 . Hence, this 
is a holomorphic function of ol\ in all complex plane. Since this function decreases at infinity, 
we conclude that Fi(a\) = F r (a%). 

The identity (|6TTjl follows from fTTHI) due to COlh 

C Proof of the Lemma (16.21 ) 

We shall prove only the identity (|6.25|) . as the proof of (|6.26p is identical. Let us denote by M 
the matrix in the r.h.s. of (|6,25p . Obviously det m M is a linear function of every C\{wk) and 
every C2(wk), where k = 1, . . . , m. This function can be presented in the form 

det M = y"C 1 (w 1 )C 2 (w R )A(w\w n ), (C.l) 

where A^w 1 ,^) does not depend on C\ and C 2 - The sum is taken over all possible partitions 
of the set w into subsets w l and u) n with = n, = m — n, n = 0, . . . , m. In order to 
find the coefficient A(w I ,w 11 ) one should simply set Ci(u) 11 ) = and C^w 1 ) = in the r.h.s. of 
flSZSP . We obtain 

A(tD\^) = (-l)^(-ir m / l (e,u) I )/ i K,e)det(t(^,^) | (C.2) 

m 

Here P IiE is the parity of the permutation mapping the set {w 1 , 7D n } into the ordered set w 
(recall that in every subset the elements are ordered in the natural order). The determinant in 
(IC.2p consists of two parts. The first n columns are associated with the parameters w 1 , while 
the last m — n columns are associated with the parameters u) n . Therefore, just like in (|6.43p we 
have denoted by w\ (resp. by w^) the k-th. element of the subset w l (resp. w n ). 
Thus, the r.h.s. of (|6.25p has the following representation 

A^(f)A m HdetM = A^(0A ro (^)^(-l)^(-ir-C' 1 (#)C' 2 (w; 11 ) 

x h^,w I )h(w K ,Odet{t^ j ,w I k ) | (C.3) 

On the other hand in the l.h.s. of (|6.25p it is enough to write the DWPF K m {w l — c, w R \^) 
explicitly. We have 

Kmiw 1 - c,w u \0 = A^^^A^^-^W) 

xg- 1 (w\0h(w\0det(t(C 3 ,wi) | (C.4) 

Here we have used (|2.3p . Hence, 
K m {w l -c,w*\§f{lw l )f{w\w l ) = l\^ 

x (-ir m h(lw l )h(w\Z)det(t(£ 3 ,wl) | (C.5) 
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Finally, using 

A n (w 1 )A m „ n (w*)g(w\w 1 ) = (-l) p ^A(w), (C.6) 
and substituting this into the r.h.s. of ()C.5j) we arrive at ()C.3j) . 



D Proof of Lemma 16.3 



Let us denote by Am (a|/3) and A$(a\P) the l.h.s. and the r.h.s. of (|6.33|) respectively. Then 
these functions possess the following properties: 

• they are rational functions of a and /3; 

• they are symmetric functions of a and symmetric functions of /?; 

• they vanish if some aj or f3j goes to infinity; 

• they have poles only at aj = Pk and aj + c = Pk, 
• 

A ( l\a\f3) = A ( {\a\P) = -t(a,P). (D.l) 

Therefore it is enough to check that the residues of both functions at a\ = (3\ and a\ +c = f3\ 
coincide. In fact, we can prove that both functions possess the same recurrence in the mentioned 
poles. Then, similarly to the proof of Lemma 16. II we can use the induction over m. 

It is straightforward to establish the following recursions: 

A$(a\P) = -g(a 1 ,l3 1 )f((3 f ,l3 1 )f(a 1 ,a') ■ A^l^a'tf'), (D.2) 

A$(a\P) =/ i - 1 («l^l)/(^l,/3 , )/(«^«l)•A^_ 1 (a , |/3 , ), (D.3) 

ai+c->/8i 

where a' = a\a\ and P' = P\Pi- It is not difficult to see that A$(a|/3) has the same recursion 
properties. 

Consider, for example, the pole at a\ = Pi- This pole appears if and only if a± G ai and 
Pi G Pi. Let ai' = a x \ai and Pi> = p x \Pi. Then using the recursion properties of the DWPF 
we obtain 



A# (a\P) = Y'fiPn, Pi>)f(pjL, Pi)f(ai>,au)f(ai,a n ) 

x g{p u ai)f{ai,ai l )f{p i >,Pi)K k -i{p i >\a l >)K m ^ k {aii + c\P K ), (DA) 



where Yl' means that the sum is taken over partitions of the sets a' and P' . It is easy to see 
that 

f(ai,a\ l )f(ai,a I ') = f(ai,a'), . . 

f(Pn,Pi)f(Pi',Pi) = f(P',Pl), [ j 
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and these factors can be moved out off the sum over partitions. We obtain 
A®(a\P) n = g(h,a 1 )f(a l ,a')f(P',l3 l ) 

X^V(/3n,A')/(ai'>an)^fc-l(/3i'|ai')^m-fe("n + c|/3 n ) 



- - 5 (a 1 ,/3 1 )/(a 1 ,a / )/(^,/3i)-AS_ 1 (« , |^)- (D.6) 



Similarly one can prove that 



A$(a\P) =h-\a 1 ,p 1 )m,p)f@, ai )-/$_ 1 @\P'). (D.7) 

Then the induction over m ends the proof. 
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